Parametric Subharmonic Instability (PSI) is one of the most important mechanisms that transfer energy from tidally-generated long internal waves to short steep waves. Breaking of these short waves results in diapycnal mixing through which oceanic abyssal stratification is maintained. It has long been believed that PSI is strongest between a primary internal wave and perturbative waves of half the frequency of the primary wave. Here, we rigorously show that this is not the case. Specifically, we show that neither the initial growth rate nor the maximum long-term amplification occur at the half frequency, and demonstrate that the dominant subharmonic waves have much longer wavelengths than previously thought.
Introduction
Internal gravity waves are ubiquitous in world's density-stratified oceans. They mainly arise from barotropic tides flowing over topographic features, or wind disturbing the upper ocean's mixed layer [1] . Internal waves transport energy over long distances in oceans and when break result in considerable mixing which contributes to, e.g., oceanic circulations through lifting cold water from the ocean basin [2] , and the lives of a wide range of ocean creatures by redistributing nutrients [3, 4] . The underlying mechanism(s) that lead to the breaking of internal waves is not yet fully understood despite significant recent progresses made in our understanding of such waves. There is a nearly general consensus that low mode internal waves, such as those generated by tides, need to somehow transfer their energy to shorter waves which are steeper and hence more prone to breaking. Several mechanisms for such transfer of energy from long to short waves have been put forward, among them interaction with topographic features [5, 6, 7] and parametric subharmonic instability [e.g. 8, 9, 10] are the most important ones. Parametric Subharmonic Instability (PSI) is the instability of a primary internal wave to two lower-frequency internal waves with (initially) infinitesimal amplitudes thus disturbances. This happens if the primary and the two disturbance waves' frequencies and wavenumber vectors (respectively ω 0,1,2 and k 0,1,2 ) satisfy the triad resonance condition [e.g. 11, 12, 13]
Through this instability, energy is transferred from the primary wave to the two disturbance waves. The flow of energy may continue until the amplitudes of the disturbance waves, initially infinitesimal, become of the same order as the amplitude of the primary wave or even higher, and that is why the disturbance waves are said to be resonated. This resonance is not through an explicit external force but instead is caused by what appears to be parameters in the governing equations, hence it is called parametric resonance or instability 1 . Resonated subharmonic waves obtained through PSI usually have smaller vertical and horizontal scales than the primary wave. Thus, PSI constitutes a pathway for energy transfer to steeper waves which are more prone to breaking. PSI was first studied [in 1960s, e.g. 8, 9] as a subset of the general wave resonance theory [15, 16] , and has since been reported in several field studies [e.g. 17, 18] . The current understanding of PSI is based on a linear stability theory [established in the 1970s, e.g. 19, 20] . Assuming that the amplitude of the primary wave is constant, and that amplitudes of disturbance waves are much smaller than the primary wave, the linear stability theory predicts an exponential growth rate for a pair of perturbing waves that satisfy the resonance conditions (1) [see e.g. 19, 13, 21 ]. An internal wave, however, can undergo parametric subharmonic instability simultaneously with a countably infinite pairs of subharmonic waves. In order to accurately determine the role of PSI on the evolution of oceanic internal wave spectrum as well as to answer how efficiently an internal wave can transfer its energy to smaller scales, it is critical to know which specific pair (or pairs) of disturbance waves draw the most energy from the primary internal wave. In other words, it is critical to know which triads are resonated the strongest out of all the different triad resonance possibilities. The classical linear stability theory assumes that these infinite resonance possibilities are independent (or decoupled) and predicts that the pair of subharmonic waves with half of the frequency of the primary wave has the largest growth rates and thus is expected to dominate in the process of PSI [e.g. 22, 21] . However, laboratory and numerical experiments on PSI do not support the predominance of half frequency resonant waves. For example, in a series of experiments on PSI in a wave tank 21m long, 1.2m deep and filled with linearly stratified fluid, Martin et al. [19] obtained multiple subharmonic waves generated from PSI of a mode-three internal wave, but none of them were at the half frequency. In another attempt, Joubaud et al. [23] sends a horizontally propagating mode-one internal wave at frequency 0.95N (N: Brunt-Väisälä frequency) but observes two subharmonic waves not at the half frequency but at frequencies 0.38N and 0.57N. Also, direct simulation of internal beams generated by a tidal flow (frequency ω 0 ) over bottom topography results in strongest subharmonic waves at frequencies 0.4ω 0 and 0.6ω 0 [24] . To address this discrepancy, here we consider the fully-coupled governing interaction equations that account for all triads satisfying PSI resonance condition (1). We solve this governing equation through multiple-scale analysis that obtains a uniformly-valid nonlinear instability solution. Our analysis determines that, contrary to linear stability theory prediction, it is a pair of subharmonic waves with frequencies different from ω 0 /2 that grow the largest in the PSI. In fact, in cases pairs of frequency ω 0 /2 receive the least amount of energy compared to other pairs in the pool of interactions. Furthermore, internal waves with frequencies near ω 0 /2, as can be derived from equation (1), have very large vertical wavenumbers and therefore are very short. In fact, at exactly ω 0 /2, the vertical wavenumber is infinite. Strongest resonant waves of PSI, as predicted by the nonlinear stability theory, have frequencies far from ω 0 hence have finite wavenumbers. Therefore, nonlinear stability theory shows that the actual strongest resonant waves of PSI have much larger scales than what linear stability theory predicts. While it is not unexpected that nonlinear theory results in a long-term growth which is different from the linear theory predictions, it is obvious that both linear and nonlinear theories must give the same initial growth rates. But, to our surprise, our initial growth rate from nonlinear stability theory did not match the prevalent linear growth rate reported in the literature. After some scrutiny we realized that in the classical theory the effect of the second exponential term has been mistakenly neglected, resulting in an incorrect reported initial growth rate. Specifically, in linear stability analysis, amplitude growth in a resonance is usually obtained in the form A = ae bt + ce −bt , and therefore the growth rate is
While at large times (at which linear stability analysis is usually not valid) the growth rate tends to b, the initial growth rate is In what follows, we present our nonlinear stability analysis and discuss both initial growth rate and overall long-time growth of each resonance triads. We validate our analytical solution with direct numerical simulation results obtained from non-hydrostatic Navier-Stokes solver MITgcm.
Interaction Equations for Parametric Subharmonic Instability
Consider an inviscid, incompressible and stably-stratified fluid bounded by a top rigid lid and a flat seafloor at the bottom. In a Cartesian coordinates system with x, y-axes on the rigid lid and z-axis positive upward, the governing equations read
where u = {u, v, w} is the velocity vector, ρ is the density, p is the pressure, and g is the gravitational acceleration. A linear density profile is considered such that the background density is given byρ(z)/ρ 0 = 1 − az, with ρ 0 =ρ(z)| z=0 . Equation (2a) is the momentum equation, (2b) represents conservation of salt (assuming that the density only depends on salinity in the equation of state and diffusion of salt is negligible), (2c) is conservation of mass, and equations (2d),(2e) are kinematic boundary conditions on the rigid lid and the sea bottom respectively. System of equations (2) admits, among other solutions, a propagating internal-wave solution. Considering that a primary internal wave (k 0 , ω 0 ) with a finite initial amplitude co-exists with two perturbation waves (k 1 , ω 1 ) and (k 2 , ω 2 ) the vertical velocity to the leading order can be written in the form
where k j = k jî + m jẑ , and c.c. denotes the complex conjugates. If triad resonance condition (1) is satisfied between the three waves, then amplitudes A j will slowly change with time. Mathematically this is expressed by A j = A j (εt), that is, amplitudes are functions of slow time (ε is a small parameter and a measure of the waves' steepness). Let's first define the following dimensionless variables
where A 00 = A 0 (t)| t=0 . Through multiple-scale perturbation analysis, the differential equation that governs the evolution of a wave triad can be obtained, dropping all asterisks, as
whereĀ 1,2 (t) are complex conjugates of A 1,2 (t), and 2
The interaction coefficients for the two perturbing waves s 1 and s 2 can be obtained by simply swapping the physical parameters in the expression for s 0 in (5) 
Dominant Subharmonic Waves
The subharmonic waves generated in the process of PSI must satisfy the resonant condition (1) and the dispersion relation ω = |k/ √ k 2 + m 2 |. As an example of the wave triads satisfying the resonance conditions, for the choice of ah = 5 × 10 −2 and ω 0 = 0.8, we present in figure 1a several of possible subharmonic wave triads that can be excited by PSI of the primary wave (red circle). The total number of triad possibilities is (countably) infinite. Note that there are two distinct branches of triads in figure 1a, marked by triangles and squares. Clearly, as the wavenumber of perturbation waves involved in the triad increases the frequency of perturbation waves asymptotically tend to half the frequency of the primary wave (ω 0 /2). In other words, perturbation waves with frequencies near ω 0 /2 have large horizontal and vertical wavenumbers, i.e., |k 1 , m 1 | ≈ |k 2 , m 2 | ≫ |k 0 , m 0 | [c.f. e.g. 22] . Based on the linearized instability theory, i.e. assuming that the amplitude of the primary wave is constant (of course this only applies for the very initial period of the resonance), then (4) becomes,
where A 0 is a constant. If the initial amplitudes of the two perturbing waves are respectively A 1 | t=0 = δ 1 and
where σ = √ s 1 s 2 |A 0 |. A similar expression is obtained for A 2 (t) with subscripts 1,2 in (7) swapped. In classical theory of PSI, σ has been considered as the measure of growth of perturbation waves. We show in figure 1b the plot of σ/σ max (i.e. σ normalized by the maximum σ found from all possible PSI triads) as a function of ω/ω 0 , where ω refers to the frequency of perturbation waves. Colors of markers in figure 1b are associated with the colors of triads depicted geometrically in figure 1a . In each resonance, two perturbation waves are involved that are shown with a pair of same-color markers. For instance, triad of green color occurs between perturbation waves of frequencies ω 1,2 /ω 0 = 0.34, 0.66, and results in σ/σ max =0.93. The two arcshaped branches formed in this plot correspond to the two branches of triad possibilities in figure 1a (triangles and squares, as discussed before). Behavior of σ presented in figure 1b matches exactly figure 11b of [21] except that in our case because of two horizontal top and bottom boundaries we get discrete modes only. Clearly figure 1b suggests that the maximum of σ is at ω/ω 0 =0.5. But it is to be noted that this does not imply that the initial growth rate nor the long-time growth is highest at ω/ω 0 =0.5. Specifically, at large t, it is in fact expected that the exponential term dominates the behavior. However, the linear stability analysis is not valid for large t, and a nonlinear analysis must be called. The linear theory is only applicable at initial times, and the initial growth rate is given by
Effect of σ in the exponent, as can be seen from (7), is canceled by the coefficients in front, and therefore, the initial growth rate (8) , is determined by s 1,2 , and not σ. Behavior of normalized correct initial growth rate s i /s max plotted against ω/ω 0 (figure 1c) shows almost an opposite behavior when compared with that of σ. Most importantly, the highest value of correct initial growth rate s max , does not occur at ω/ω 0 =0.5, but at ω/ω 0 =0.85. In fact, perturbation waves with frequencies near ω/ω 0 =0.5 have almost the smallest initial growth rates 3 .
To determine the long term growth of waves involved in PSI, nonlinear stability analysis must be conducted. Since all pairs of perturbation waves (that satisfy resonance condition) simultaneously interact with the primary Figure 2 : Evolution of amplitudes of (a) the primary internal wave and (b) the six subharmonic pairs undergoing PSI corresponding to the case represented in figure 1 . Initial amplitudes of perturbation waves chosen as A i1/i2 | t=0 =0.001 and up to mode 20th (which results in 38 PSI pairs) are considered in the numerical integration of (9) . All waves undergo a modulation in time, and the maximum growth is obtained for perturbation wave of ω/ω 0 =0.76.
wave, a correct from of (4) that takes into account the coupling between waves read
where subscript i denotes the ith subharmonic wave pair. From (9), it can be rigorously shown that
which shows that our governing equation (9) conserves energy. In other words, although energy is exchanged between a large number of waves, the total energy of the system is conserved and does not change with the time. As a case study, consider a primary internal wave of ω 0 = 0.8 in a stratified water of ah = 5 × 10 −2 which is correspond to figure 1. If we consider wave modes up to the mode 20th, that is 20 branches of the dispersion relation plot (dashed lines) in figure 1a , then 38 pair of perturbation waves can be found to form resonance with our primary wave (6 of them are shown in figure 1a ). We assume all these perturbation waves have the same initial amplitude A i =1 × 10 −3 , which corresponds to a white-noise-like distribution of perturbation waves in the environment. Results of long time evolution of the primary wave, as well as few important perturbation waves, are shown in figure 2a ,b: at the stage t <6.8, amplitudes of some of perturbation waves increase, in cases substantially and even by orders of magnitudes, at the expense of a decrease in the energy of primary wave. Once the entire energy of the primary wave is depleted, then the process reverses and now energy flows back from (initially) perturbation waves to the primary wave. This modulation continues with a period of T i ∼ 15 for primary wave and with the period of T p ∼ 2T i for perturbation waves.
The most important feature of long-time evolution plots (figure 2b) is the fact that the largest growth is observed at frequency ω/ω 0 =0.76 (A i =0.18 at t=21.7). The second and third largest growth are respectively at frequency ω/ω 0 =0.83 (A i =0.13 at t=21.7) and ω/ω 0 =0.67 (A i =0.12 at t=21.7); none at the frequency ω/ω 0 =0.5. The perturbation wave associated with ω/ω 0 =0.55 (which is closest to 0.5 in our database) gains a maximum value of A i = 0.093 which is barely 50% of the highest growth. We validate our analytical predictions with direct simulation run by MITgcm [26] . MITgcm is a finite-volume based open-source non-hydrostatic Navier-Stokes solver that is widely used for modeling stratified mediums [e.g. 27, 28, 29, 30, 31] . We consider a rectangular domain with a periodic boundary condition on both ends in the x-direction, a free-slip wall at the bottom, and a free-slip rigid lid at the top. We use physical parameters a = 5 × 10 −5 m −1 , h = 1000m and consider a primary wave of mode one with ω 0 = 0.806, A 0 | t=0 =1m, that resonates two subharmonic waves of frequencies ω 1,2 /ω 0 =0.24, 0.76, A 1,2 | t=0 =0.01m 4 . The evolution of amplitude of the three waves over time obtained from the direct simulation of MITgcm (blue solid lines in figure 3 ) compares well with our analytical results obtained from (9) (red dashed curves). For comparison, we also show the results of linear stability analysis (black dash-dotted lines) on top of the other two curves. Clearly, at the initial stage of resonance and as long as the change in the amplitude of A 0 is small, linear stability analysis estimates the growth of perturbations with a satisfactory tolerance. But for later stages, linear theory over-predicts the growth.
Conclusion
In summary, we showed, contrary to widely-accepted results drawn from linearized instability theory, that Parametric Subharmonic Instability (PSI) is strongest among a primary internal waves and perturbation waves at frequencies different from half the frequency of internal wave. Specifically, we proved that both the initial growth rate and the maximum amplitude reached by the (initially) perturbation waves are highest for subharmonic waves of low vertical modes with frequencies higher than ω 0 /2. It is straightforward to show that similar conclusion holds also in the spatial (or boundary value) problem, i.e. as waves propagate away from a source (e.g. a wavemaker) and interaction develops over the distance [c.f. e.g. 32]. Our finding suggests that the efficiency of converting internal wave energy from large scales to small scales through PSI may have been overestimated by previous studies, and dominant resonant waves may have been missed if sought at the half frequency.
